The transient beam response to an externally applied impulse force in synchrotrons with a digital transverse feedback system is studied. Experimental data from the LHC on damping of coherent transverse oscillations excited by the discrete-time unit impulse are analysed. Good agreement on the measured and theoretically predicted decrements has been obtained. A method of feedback fine tuning, based on measurements of the bunch response to the harmonic excitation impulse, is discussed.
INTRODUCTION
Transverse feedback systems (TFS) in synchrotrons (see Coherent oscillations can be originated by DK or a specialised driving kicker K (see Fig. 1 ). For example, the kicker can be fed with the discrete-time unit impulse or the harmonic excitation impulse. The beam response observed by BPM in this case can be used for tuning the TFS.
The transient beam response to a driving force is analyzed below in framework of the discrete transformation approach developed in [2, 3] for describing transverse beam dynamics in synchrotrons with a digital TFS.
BASIC NOTIONS
Let the column matrix X[n, s] describe the bunch state at the n-th turn and in point s on the reference orbit (see Fig. 1 ). Its first element x[n, s] is the bunch deviation from the orbit and the second one x [n, s] is the angle of the bunch trajectory. Let the driving kicker K located in point s D change the angle of the bunch trajectory on Δx D [n]. For the bunch states at two consecutive turns after passing the damper kicker DK located in point s K one can write [2, 3] :
where C is the circumference of the reference orbit; elements E 1 = 0 and E 2 = 1 in the column matrix E. Here 2 × 2 matrix M (s 2 |s 1 ) for passage from s 1 to s 2 is used [4] so that:
Δx [n, s K ] is proportional to output voltage V out on the amplifier in a feedback chain and linearly depends on input voltage V in :
where S K is the DK transfer characteristic; K in and K out are voltage gains of the output and input amplifiers (see Fig. 1 ); u[n] is the Heaviside step function; h[m] are coefficients of a finite impulse response (FIR) digital filter in DSP; N F is the FIR filter order. The total delay τ delay in the signal processing of the feedback path from BPM to DK adjusts the timing of the signal to match the bunch arrival time. If τ PK is the time of flight of the particle from BPM to DK and T rev = 1/f rev is the particle revolution period, then τ delay = τ PK +q T rev .
V in voltage linearly depends on x[n, s P ] displacement:
where δx P is a deviation of the BPM electrical centre from the reference orbit, S P is the BPM transfer characteristic. Let the driving force be the discrete-time unit impulse with amplitude a D at the n D turn so that
is the Twiss beta function [4] . In the case of harmonic excitation impulse of Q D f rev frequency, N D T rev duration and φ D phase one can write:
The system of linear difference equations (1), (2), (3) and (4) can be solved using unilateral Z-transform [6] :
Proceedings of RUPAC2012, Saint|-|Petersburg, Russia TUBCH01
Particle dynamics in accelerators and storage rings, cooling methods
one can obtain the following:
where I is the identity matrix; K(z) = K out H(z)K in is the transfer function of the feedback circuit; H(z) = Z{h[n]}; g = (β KβP ) 1/2 K 0 S K S P is the feedback gain where K 0 is determined in such a way (see further) that g > 0 corresponds to damped oscillations. Matrix M is
where T is 2 × 2 matrix in which T 21 = 1 and other elements are equal to zero. Eigenvalues z k at a D = 0 are solutions of equation det z I − M(z, s) = 0, that is:
where Q is the betatron number of oscillations per turn and ψ PK is the betatron phase advance from BPM to DK. If g = 0 then z 1,2 = exp(±j 2πQ), that is a well known result for free betatron oscillations. If g = 0 then the number k > 2 of eigenvalues z k depends on N F andq. The bunch state X[n, s] = M (s|s K ) X[n, s K ] can be calculated from components X[n, s K ] after passing DK in accordance with (5) as the sum of harmonics with A kβ 1/2 amplitudes, Φ k phases, α k ≡ − ln |z k | logarithmic decrements and 2π{Q k } ≡ arg z k phase shifts per turn so that
It can be done if |z k | < 1 and
Consequently K(z = 1) = 0. Thus, all poles z k of function X(z, s) should lie inside the unit circle, and influence of δx P in X(z, s) function should be excluded. The later condition is reached by using the feedback circuit with the notch filter whose transfer function is H NF (z) = (1 − z −1 ). If g 1 and K in (ω)K out (ω) depends weakly on frequency then from (7) one can obtain the following:
where ω m = 2π(Q+m)f rev and m is a positive or negative integer. For the fractional tune {Q} the following definition is used: −0.5 < {Q} 0.5. The |K 0 | value is equal to the gain transfer characteristic of the feedback circuit at the minimal frequency of ω m . The sign of K 0 is chosen in such a way that g > 0 corresponds to the damped oscillations.
The optimum damping corresponds to phase balance Ψ PK of | sin Ψ PK | = 1, so that {Q m } = {Q}.
Hence, it is necessary to tune the TFS in such a way to provide two conditions: the BPM signal should correspond to the decay amplitude mode and zero frequency shift ({Q m } − {Q})f rev should be tuned for optimum damping.
BEAM RESPONSE TO DRIVING FORCE
From Eq. (6) for X(z, s) it is clear that the bunch state X[n, s] in accordance with Eqs. (5) depends on initial conditions X[0, s], the deviation δx P of the BPM electrical centre from the reference orbit and the driving force. In the case of damped oscillations after some time the bunch state is determined by the driving force only.
If the driving force is the
1/2 that leads to damped oscillations starting at the moment n D T rev with decrements and frequencies in accordance with z k from the characteristic equation (7). (2), (3) and (4) at optimum damping, (7) because of H(z) chosen. Two solutions (solid lines) correspond to eigenvalues z 1,2 with frequencies |{Q 1,2 }|f rev close to |{Q}|f rev at g < 0.3. Eigenvalues z 3,4 (dotted lines) correspond to fast damped modes at g < 0.3.
The rf-signal at n D = 200 in Fig. 2 (left) corresponds to g = 0.08. In this case the decrement value from (7) is α min = − ln |z (max) k | = T rev /τ = 0.0429. Consequently the amplitude decay is faster in comparison with the linear approximation g/2 in (8). The rf-signal at n D = 500 corresponds to g = 0.02. The decrement α min = 0.01 from (7) is in a good agreement with the linear approximation (8).
The BPM signal in the case of the harmonic impulse in TFS with gain g = 0.08 is shown in Fig. 2 (right) at Q D = 0.315, a D = a 0 , n D = 200 and N D = 300. It is visible that in 100 turns after the excitation start the vibration amplitude approximately by 12 times more than a D is achieved. The amplitude of the forced oscillation also increases at Q D → {Q}, but it is not converted in infinity as it occurs at a resonance without damping.
Function a(n, Q D ) of two variables n and Q D can be presented on a plane in the form of a graph of isoamplitudes. Each line is characterized by constant amplitude in any point. For example, for isoamplitudes one can choose:
where
is the peak amplitude of steady state oscillations in the specified frequency range (Fig. 4, left) . When the bunch makes forced oscillations, its transverse energy I(Q D ) on the average remains invariable in the field of steady state oscillations: on each turn after the driving kicker the bunch gains an additional transverse impulse which is compensated by the damper kicker. Quantity I(Q D ) is proportional to a quadrate of the amplitude of steady state oscillations. Consequently for a resonance curve (see Fig. 4 , right) one can write in accordance with (6) and (5):
In g 1 then I(Q D )/I max in accordance with Eqs. (8) is
This function coincides with a resonance curve which is used for the analysis of forced oscillations in the presence of friction. The function I(Q D )/I max has a maximum at
Thus, the resonance curve maximum is shifted relatively the betatron frequency under violation of the phase balance condition | sin Ψ PK | = 1.
CONCLUSION
The beam tests based on measurements of a bunch response to the δ-impulse were used at the LHC for tuning the LHC Damper [1] at injection and collision [7] . Good Analytical expressions have been obtained for the bunch response to the harmonic excitation impulse taking into account real performances of a TFS. The dependences based on the resonance curve can be used for thin adjustment of the TFS and selective measurements of circulated bunches.
